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Aldo Belleni-Morante started to write this book in February 2008 giving two provisional titles: Semi-
groups and Evaluation Equations in Locally Convex Spaces: An Introduction or Applied Semigroups 
in Locally Convex Spaces and, he seemed on hurry for finishing it. 
He decided to share his scientific viewpoint with the Scottish colleagues Prof. Adam C. McBride 
(AMB) and Dr Wilson Lamb (WL) from the Strathclyde University. He fully desired this collabora-
tion as a consequence of some previous scientific works undertaken since 2006 at the Strathclyde 
University along his appointment as Permanent Visiting Professor. He also considered the very 
early conception of this book since 2005 when he spent his latest sabbatical year in Glasgow 
and further in 2007 when Adam McBride came to Florence to work on this. But not much work 
was done at that time.
To this end, Aldo started happily on his own research work to write the book and he completed his 
first part in 2008. Unfortunately, the first health problems arisen and this book stayed unfinished 
in this first draft writing. 
After Aldo passed away, for several years I was expecting to someone to proceed with the finish-
ing of the book. But, for some reason, this did not happen. Therefore, as I knew how Aldo’s this 
last writing was so valuable to him and how much scientific importance he had put on this, I really 
desired to explore firstly the ways for a scientific publication, with no result. 
But only in recent time I have been increasingly convinced for the publication of the handwritten 
and unfinished version of this book. The premise is that scientific contents of this book are more 
durable than anything else and should therefore take priority in our times arguments that may be 
not difficult to be recognised even in a such a draft version.
For me, as wife but also as architect and professor, the value of this unfinished book, apart its 
truly scientific value, is undoubtedly on the beautiful compact handwriting, the uniqueness of this 
extraordinary writing with the pencil, the cleanness of the pages well numbered together with the 
clearness of the concise and prominent scientific concepts.
For years I loved Aldo’s handwriting on large square knitted notebooks. He was a prodigious writer 
with pages and pages of calculations and theorems including beautiful scientific hand drawings. 
I always, admired the density of his ´scientific mind´ and all suggestive forms of his academic 
expression. 
The ´simplicity´ of his mind to solve ´easily´ such ´complexity´ of scientific problems and theorems 

The Unfinished Manuscript 



6

it was constantly a good training to me too for my personal and academic growth as well.
The publication of this book to me is a restorative approach to my husband’s memory in putting 
forward a positive contribution of thinking in the discipline. I think that this unfinished handwriting 
draft edition can also mark an important milestone in doing research. For sure, can re-frame the 
scientific debate on the topics under consideration. 
Finally, I am sure that Aldo’s scientific work enriched the academic live of many researchers in Italy 
and in abroad and his scientific doing was always forward with the times. 
Surely, I am feeling to underline that Professor Aldo Belleni-Morante and his scientific contribution 
constantly advocated for a fundamental expression within the discipline while his everyday living 
gave so much ‘lightness’ to this highly complex thing we call the life. 
Aldo was a scientist and maestro of life and he donated to me a lot of happiness, love and scientific 
awareness.

Dimitra Diana Babalis Belleni-Morante
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Aldo Belleni-Morante (January 22nd, 1938 in Florence - June 20th, 2009 in Florence) was an Italian 
mathematician, Professor of Mathematical Physics at the University of Florence.
He got a Degree in Physics in 1961 and became a Full Professor being only 33 years old at the School 
of Science of the University of Bari. In 1974, he moved to Florence, in the School of Engineering, 
where he became Dean of the Board of Professors in 1996. Since 2000, he was Coordinator of the 
PhD Program in Civil and Environmental Engineering of the University of Florence and in 2005 
Director of the PhD Program of the School of Engineering.
His research and teaching experiences in prestigious universities were significant and fruitful; he 
was NATO Fellow in the Department of Physics of the University of Illinois in Urbana-Champaign, 
USA, (1968-1969); Senior Visiting Fellow of the Science Research Council of Great Britain at the 
Mathematical Institute of the University of Oxford, England, (1976); Visiting Professor at the 
University of KwaZulu-Natal, Durban, South Africa, (1994). Since 1995 he has been appointed 
as Permanent Visiting Professor at the Department of Mathematics and Statistics of Strathclyde 
University, Glasgow, Scotland, UK.
The research activity of Belleni (as all friends and colleagues used to call him) was variegate and 
innovative. His first work dates back to 1961, published on the Rivista di Matematica of the University 
of Parma, “On a problem of neutron diffusion”. Other papers in Italian followed. They dealt with 
problems related to heat transfer in nuclear reactors. His first paper in English was “Solution of 
the nuclear reactor kinetics equations by a method of successive approximations” and dates back 
to 1963. It appeared in the Journal of Nuclear Energy. Subsequent works must be added always 
appeared on J. Nuclear Energy, Energia Nucleare, and Nukleonik in the years 1965-66.
His first results in mechanics date back to 1968, published on Meccanica, the international journal 
of the Italian Association of Theoretical and Applied Mechanics. The title was “On the principle of 
gyroscopic effect for self-excited rigid bodies”. It is a work of classical mechanics, but already it 
highlights the features of Belleni’s style: rigor, simplicity, and innovation.
Since then, Belleni carried out a dynamic activity and he was very productive. After getting the 
Chair of Mathematical Physics, he spent three years (from 1971 to 1974) at the Institute of Rational 
Mechanics in the University of Bari. It was then that he started fruitful collaborations with peers 
and young students. The scientific collaborations were numerous: we record 25 co-authors, that 
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demonstrates how great was his generosity and his desire to spread knowledge, methods, and 
theories.
Belleni came back to Florence in the academic year 1974-1975. Since then he always held the 
Course of Rational Mechanics within the undergraduate program in Electronic Engineering; then 
in Mechanical Engineering and in Civil Engineering. In those years, he also held the Course of 
Advanced Mathematics Applications, (Applicazioni di Matematiche Superiori) at the School of 
Mathematical, Physical and Natural Sciences, and other various courses in the PhD programs of 
Mathematics and Civil and Environmental Engineering of the University of Florence.

Belleni’s initial research interest was addressed towards the physics of nuclear reactors: his 
contributions based on physical-mathematical aspects were truly remarkable.
Therefore, he had a great capacity to create mathematical models for phenomena in different areas 
of physics. Scrolling through the list of his publications and consulting MathReview it is noted that, 
after his first interest in classical topics of mechanics, he addressed his attention towards kinetic 
theory, neutron transport, thermodynamics, vehicular traffic, the theory of populations, astronomy 
and astrophysics, spatial planning, ecology.
A more precise list of his research areas includes: astronomy and astrophysics, biology, classical 
thermodynamics and heat transport, fluid mechanics, solid mechanics, statistical mechanics and 
structure of matter, numerical analysis, operator theory, ordinary differential equations, partial dif-
ferential equations. The list involves not only applied topics but also issues on pure mathematics. 
Since 1969, in fact, Belleni began to study the theory of semigroups of operators, until becoming 
a world-renowned expert.
Starting from the notes of the Advanced Theoretical Mechanics lectures and from different editions 
of his handouts, he wrote his first book on the theory of operator semigroups with a particular view 
on results of existence and uniqueness in problems of mathematical physics, entitled: Applied 
Semigroups and Evolution Equations, Clarendon Press, Oxford, 1979.
This book was followed by two others: A Concise Guide to Semigroups and Evolution Equations, 
World Scientific, Singapore, 1994 and later Applied Nonlinear Semigroups (in collaboration with 
A.C.McBride), Wiley, Chicester, 1998.
In the reviews of his books we read: 
“The book is written very clearly. I am sure that many teachers in this field (including the reviewer) 
will always have this book in their hands. (J. de Graaf).
“The book is written in a directly accessible way, also suitable for non-mathematicians” (A.I. Filinkov).
“It is a merit of the authors to have combined their experiences to write a book on application of 
semigroups, which fills a deplorable gap in literature” (J. Appell). 
He came back to theoretical mechanics with his last book Elements of Continuum Mechanics, 
Carocci Ed. 2008, written in Italian in collaboration with Daniel Canarutto.
Belleni really was an applied mathematician: from complicated problems was able to extract the 
essential elements for appropriate mathematical models and to derive solutions in a rigorous way. 
At the same time, he was able to deal with mathematical problems with clarity and simplicity, 
making complex and extremely abstract concepts clear by means of examples and applications. 
Surely his degree in Physics and teaching experience in the School of Engineering contributed to 
create this mentality of mathematician interested in the analys of complicated problems arising 
from applications.
He was one of the first Italian researchers to apply methods of functional analysis and sophisticated 
mathematical tools for the determination of the solution in mathematical physics. Used by him, 
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any sophisticated and abstract mathematical technique seemed born for the purpose he pursued.
Who writes can attest how the functional analysis can help in solving concrete problems and how 
the use of advanced mathematical techniques applied to concrete problems can lead to solving 
mathematical problems that would not have risen and probably not resolved only with the abstract 
study.
Belleni has often found himself confronted with problems not present in literature and this has 
always led him to ‘construct’ the right techniques to study the problem under examination.
Sometimes it was the generalisation of a theorem, or the alternative proof of an already known 
result. His scientific articles show how in mathematical physics rigor, intuition and exemplification 
interact in a whole. 
Sometimes it was necessary to develop an instrument not yet studied: It is the case of the 
B-bounded Semigroups introduced and studied by him in order to face evolutionary and sta-
tionary problems with special boundary conditions. The simplicity that he used in research was 
also one of the characteristics of his way of life, which he was able to transmit to his students.
Two of his obituaries read: 
“Our dear Aldo Belleni-Morante has gone with discretion and dignity”. 
“A true gentleman has gone with him”.
We think that this is enough to furnish a portrait of a man who, although in his genius, was intel-
lectually very humble. It was his habit to listen to everyone with the same attention: students, 
researchers, professors or scholars of clear fame. 
Aldo Belleni-Morante was very happy that his teachings were valuable, constructive and effective. 
For this reason, we believe, how could be useful to present his unpublished research work.

Giovanni Frosali and Silvia Totaro
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The Evolution of Scientific Thinking and Activity 
of Aldo Belleni-Morante

Belleni-Morante’s first book entitled Applied Semigroups and Evolution Equations was published 
in 1979 by Oxford Clarendon Press. The book was the result of ten years of continuous research 
in this field. In fact, since the end of the Sixties, Belleni guessed that all evolutive problems of 
mathematical physics shared common features; hence some new and abstract techniques (with 
respect to the old ones already in use) were needed to deal with the evolutive problems which can 
be encountered in different/various fields of mathematical physics and engineering.
With the aim of developing a general mathematical theory for studying the evolution equa-
tions, (regardless of where they take place), it is useful to adopt a more abstract approach (as 
in the use of ‘n-dimensional space’ for studying the solutions of a set of n linear equations for 
n unknowns). Starting from the concept of transition operator, which takes the system from 
one state to another, we are led in a natural way to the concept of a semigroup of operators. 
This is a family of operators satisfying various algebraic and analytic conditions reflecting the 
behaviour of the system.
This book gives an introduction to the theory of strongly continuous semigroups of linear operators 
and its application to evolution equations. Belleni’s first book mainly deals with linear problems, for 
which the semigroup approach has been highly successful. This theory is essentially complete in 
the sense that it answers the basic questions of existence, uniqueness, computability and stability 
of solutions.
The approach followed in this book is to build a semigroup from its generator, since a strongly 
continuous semigroup has always a generator. In practical applications this approach is of course 
more important than the one based on deriving the generator from the evolution semigroup. A 
complete characterisation of the generators of strongly continuous semigroups is provided by a 
series of theorems for different types of generators, up to the Hille-Yoshida theorem, which is one 
of the pivotal points of the whole theory. All the theorems presented in the book are always sup-
plemented with several examples completely worked out.
The book entitled Applied Semigroups and Evolution Equations appears to be self-contained since 
it consists of the material used by Belleni, during many years, for his course of Advanced Mechan-
ics for students of Mathematics at the University of Florence and at the University of Bari as well 
as for a series of seminars held at the department of Mathematics of the Oxford University.
Prerequisites to read the book are minimal, in particular no previous knowledge of functional 
analysis is required.
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The book A concise guide to semigroups and evolution equations was published in 1994 in “Series 
on Advances in Mathematics for Applied Sciences” Vol. 19 edited by World Scientific.
The book is based on a series of lectures held at departments of Mathematics of the University of 
Florence, Naples and Bari. The book is a simple and concise introduction to the semigroup theory 
for evolutive equations both linear and nonlinear. Since this book contains the material of a PhD 
course it is, necessarily, characterised by a smaller breadth of topics; nevertheless it contains a 
chapter devoted to olomorphic semigroup as well as a detailed example concerning heat equation.
The subject is presented by a discussion of two standard boundary value problems for particle 
transport theory and for population theory, showing that such problems can be rewritten as evolution 
problems in suitable Banach spaces. Each section of the book is completed by some notes, where 
the relevant notions of functional analysis are explained. Some other definitions and theorems of 
functional analysis are discussed in the Appendix, so that the only prerequisites to read the book 
are classical differential and integral calculus.
If the first book is mainly devoted to linear problems or, at most, to perturbations of linear problems 
the second one Applied nonlinear semigroups. An introduction (with A.C. McBride), “Wiley Series 
in Mathematical Methods in Practice”, 3. John Wiley & Sons, Ltd., Chichester, 1998, is devoted to 
nonlinear problems.
The aim of this latest book is to lead a non-expert reader to understand the technique of using the 
theory of semigroups of operators (both linear and nonlinear) to prove existence of solutions for 
evolution equations. In the nonlinear case the semigroup theory is less complete, but still provides 
a useful way of studying nonlinear evolution equations.
A first step towards nonlinearity is taken by examining a semilinear abstract Cauchy problem char-
acterised by a linear term A generating a strongly continuous semigroup plus a nonlinear term F. 
Existence and uniqueness results of a mild solution are obtained under various conditions on F. 
The relevance of Lipschitz conditions, Fréchet derivatives and a priori bounds is shown. Several 
examples are studied in details in order to illustrate the theory.
The dissipative operators, to which a chapter of this book is devoted, play a pivotal role in the 
nonlinear theory. Accordingly, such dissipative operators are studied in some details. In particular, 
a chapter analyses how much of the linear theory can be extended to the nonlinear case. Firstly, 
semigroups generated by dissipative operators are studied, using the exponential formulae, then 
the theory of homogeneous abstract Cauchy problems involving nonlinear operators is developed, 
using a pseudo-scalar product in Banach spaces. Attention is paid both to a particular type of non-
linearity involving affine operators, which often arise in practice, and to more general perturbations 
of linear operators. Finally, a variety of applications of practical interest are introduced which makes 
the book particularly useful for researchers concerned with real life applications.

The scientific activity of Belleni is particularly characterised by novelty and originality. A first rel-
evant example is given by B-bounded semigroups, introduced and studied by him in order to face 
evolution and stationary problems with particular boundary conditions. Till then, only dissipative 
or, at most, conservative boundary conditions were considered in transport or biomathemati-
cal problems. These problems were treated as abstract evolution problems in the framework of 
the theory of semigroups of operators. The situation completely changes in case of multiplying 
boundary conditions. Abstract theorems were found and used by Belleni and his collaborators, 
but this was not sufficient to fully examine the issues related to photomultipliers or to problems 
of biomathematics concerning growing populations.
To this regard, therefore, Belleni conceived a type of semigroup that, generated by a B operator 
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(bounded and with norm greater than one), was capable to lead the evolution of the problem, taking 
into account the multiplying effects. Knowing the form of B allows a better estimate of the number 
of particles or of individuals in the problem under examination. The construction is rigorous and 
precise and the applications confirm the utility of this new tool. Generalisations have also been 
performed to create non-linear “B-bounded” semigroups applied to problems with multiplying 
conditions of various types.
This result was made possible by applying another idea of Belleni and other collaborators: the 
affine semigroups. At first sight these extensions could be considered simple generalisations of 
some already known notions and the techniques and constructions used by Belleni may seem 
“simple” ones. But, deepening into a further understanding, it can be noted that, tackling concrete 
problems, these constructions are very much valuable. Moreover, they can be considered an easy 
tool to measure input and output of transport and biomathematics problems.
Simplicity is the “fil-rouge” of the construction and definitions and examples lead step by step the 
reader to the creation of something useful, that was just what he was looking for.
Although Belleni always thought to publish a new book concerning some peculiar aspects of 
semigroup theory, his last book was published in 2008 in collaboration with Daniel Canarutto 
and was entitled Elementi di Meccanica dei Continui (Carocci Editore). This last book is a concise 
introduction to continuous mechanics and it is, until today, the text book of the course of rational 
mechanics for students of the school of engineering at the University of Florence; such a course 
has been held for many years by Professor Belleni himself.
This educational book, although dealing with such a broad field of studies as it is the continuous 
mechanics (also treating, as a limit case, the behaviour of rigid body), is nevertheless written in a 
simple and easy way to understand.
Finally the scientific work of Aldo Belleni shows that he was one of the best applied analysts/
mathematician in Italy, combining physical intuitions and interest for scientific developments in 
many fields with mathematical rigour.

Giovanni Frosali and Silvia Totaro
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